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HIGH FREQUENCY ASYMPTOTICS OF GLOBAL VIBRATIONS
IN A PROBLEM WITH CONCENTRATED MASS
NATALIA BABYCH
Abstract. We consider an elastic system containing a small region where the
density is very much higher then elsewhere. Such system possesses two types
of eigenvibrations, which are local and global vibrations. Complete asymptotic
expansions of global eigenvibrations for ordinary differential operator of the
fourth order are constructed using WKB – technique.
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Introduction. Heterogeneous systems give rise to new effects that do not reside
in the separated system parts. For instance, problems with local density perturbation
are characterized by a presence of local and global vibrations. For the first time the
effects have been described by E. Sanchez-Palencia [6,7]. Vibrating systems with a local
mass perturbation are investigated starting from O. A. Oleinik [3,4]. The effect of local
vibrations has been studied for wide class of the systems, for instance see [1,2]. The global
vibrations have been remained to be weakly analyzed so far. A complete asymptotic
expansions of the global eigenvibrations for one-dimensional system of the forth order
with locally perturbed density are constructed in this work.
1. Problem statement. Let a differential expression L be given by
Lv = (k0(x)v
′′)′′ − (k1(x)v
′)′ + k2(x)v,
where the functions k0 > 0, k1, k2 ≥ 0 are smooth at [a, b]. Denote by [v]x=c a jump of
a function v at point c. We investigate asymptotic behaviour as ε → 0 of eigenvalues λε
and eigenfunctions uε of the problem
Luε − λεp(x)uε = 0, x ∈ (a,−ε) ∪ (ε, b), (1)
Luε − λεε
−mq(x/ε)uε = 0, x ∈ (−ε, ε), (2)
uε(a) = u
′
ε(a) = 0, uε(b) = u
′
ε(b) = 0, (3)
[uε]x=±ε = [u
′
ε]x=±ε = [u
′′
ε ]x=±ε = [u
′′′
ε ]x=±ε = 0. (4)
For each fixed ε > 0 the problem possesses a countable set of eigenvalues. Bihaviour
as ε → 0 for each eigenvalue λε and corresponding eigenfunctions uε depending on a
value of real parameter m is investigated in [1]. In the case m > 4 problem (1) – (4)
possesses local eigenvibrations1 with corresponding eigenvalues λεn = O(ε
m−4), ε → 0,
and with eigenfunctions uεn, which localize itself in the interval of density perturbation
(−ε, ε), rapidly vanishing outside the interval. Nevertheless, qualitative behaviour of the
vibrating system is not yet described completely by local eigenvibrations. Models with
concentrated masses possess also global vibrations [7]. As indicated below, the global
1We use a term ”eigenvibration” to denote a pare of eigenvalue and corresponding eigenfunction
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vibrations are supported by eigenfunction sequences with nontrivial limits uεn(ε) → v0 for
eigenvalues λεn(ε) → λ0 > 0 with n(ε)→∞. Dependence n(ε) is a discrete one that causes
construction of asymptotics along certain sequences of the small parameter only. A family
of the sequences is bound by a deformation parameter, which is present in the lower terms
of the constructed expansions. Asymptotics depend on the value of m. We choose m = 8
as a pattern case.
2. Asymptotics of global vibrations: the leading terms. We seek the asymptotic
expansions of the eigenvalues λε and the eigenfunctions uε of problem (1) – (4) in the form
λε ∼
∞X
i=0
εiλi, (5)
uε(x) ∼
∞X
i=0
εivi(x), x ∈ (a,−ε) ∪ (ε, b), v0 6≡ 0. (6)
In order to explore the function uε in the region (−ε, ε), we consider problem (1) – (4) in
variables ξ = ε−1x. Taking into account
ki(εξ) =
∞X
j=0
(εξ)jk
(j)
i (0)(j!)
−1,
we transform the differential expression L to Lε = ε
−4
∞X
j=0
εjL(j), where
L(j) =
k
(j)
0 (0)
j!
d2
dξ2
ξj
d2
dξ2
−
k
(j−2)
1 (0)
(j − 2)!
d
dξ
ξj−2
d
dξ
+
k
(j−4)
2 (0)
(j − 4)!
ξj−4.
We use notation k
(i)
n (x) for the i-th derivative of a function kn(x) in case if i ∈ N, k
(0)
n (x) =
kn(x) and k
(j)
n (x) ≡ 0 if j < 0.
Hence, the eigenfunction uε, which corresponds to λ
ε, is a solution of the equation with
small parameter nearby the highest derivative
ε8LεUε − λεq(ξ)Uε = 0, Uε = Uε(ξ), ξ ∈ (−1, 1). (7)
According to the method of WKB-approximations [4], we seek the solution of (7) as linear
combination of the series eε
−1
S(ξ)
∞X
i=0
εiai(ξ). Equality (7) is guarantied by the choice of
functions S and ai. In particular, the phase function S is a solution of the eikonal equation
k0(0)S
′4 − λ0q(ξ) = 0, ξ ∈ (−1, 1). (8)
Therefore we fix
S(ξ) = (λ0k
−1
0 (0))
1/4
ξZ
−1
q1/4(t) dt
and, without loss of generality, we derive the eigenfunction uε in the form
uε(εξ)
def
= Uε(ξ) = ε
4
∞X
i=0
εi〈fi(ξ), N(ξ, ε
−1S)〉, ξ ∈ (−1, 1), (9)
with fi being a vector-function with values in R
4, 〈·, ·〉 being the standard scalar product
in R4, and the operator N mapping [−1, 1]× C∞[−1, 1] in R4 according to
N(ξ, τ ) = (cos τ (ξ), sin τ (ξ), exp(−τ (ξ) + τ (−1)), exp(τ (ξ)− τ (1)) ).
The choice of the multiplier ε4 and the argument shifts in exponents of series (9) is related
to a certain normalization of the eigenfunction uε, which is described in Section 4 (all other
eigenfunctions differ by a constant multiplier).
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We construct formal asymptotic expansions (5), (6), (9) satisfying all conditions of
problem (1) – (4). In particular, equality (1) holds if
Lv0 − λ0p(x)v0 = 0, x ∈ (a, 0) ∪ (0, b), (10)
Lvi − λ0p(x)vi = p(x)
iX
j=1
λjvi−j , x ∈ (a, 0) ∪ (0, b). (11)
Let consider the action of the differential expression Lε on the function Uε. We note that
d
dξ
N(ξ, τ ) = τ ′(ξ)TN(ξ, τ ), where the matrix
T =
„
T1 0
0 T2
«
, T1 =
„
0 −1
1 0
«
, T2 =
„
−1 0
0 1
«
has the property T ∗ = T 3, and T 4 is a unit matrix. Counting
d
dξ
〈fk(ξ), N(ξ, ε
−1S)〉 =
D“
ε−1S′(ξ)T 3 +
d
dξ
”
fk(ξ), N(ξ, ε
−1S)
E
,
we get
LεUε =
∞X
i=0
εi−8
iX
j=0
D 4X
l=0
Ll(j − l)fi−j(ξ), N(ξ, ε
−1S)
E
,
where Ln(k) are the differential expressions of the n-th order with coefficients depending
on S′ and ξk. In particular, L0(i) = k
(i)
0 (0)(i!)
−1S′4ξi, and
L1(i) = k
(i)
0 (0)(i!)
−1
“
S′3ξi
d
dξ
+ S′2ξi
d
dξ
S′ + S′
d
dξ
S′2ξi +
d
dξ
S′3ξi
”
T.
We recall that the differential expressions Ln(t), n = 0, . . . , 4, are equal to zero one for
t < 0. Hence, equation (2) yields
(L0(0)− λ0q)fi + (L0(1) + L1(0)− λ1q)fi−1 = χi,
with χi = −
iX
j=2
4X
l=0
(Ll(j − l) − λjq)fi−j for i ≥ 2, and χt ≡ 0 for t < 2. The expression
L0(0) − λ0q is equal to zero because it is the left-hand side of the eikonal equation given
by (8). Therefore the coefficients fi of expansion (9) solve the system of the first-order
differential equations
(L0(1) + L1(0)− λ1q)fi = χi+1, i = 0, 1, 2, . . . . (12)
Boundary conditions (3) give
vi(a) = v
′
i(a) = 0, vi(b) = v
′
i(b) = 0, i = 0, 1, 2, . . . . (13)
Interfacial conditions (4) applied to (6) and (9) yield
iX
j=0
(±1)j(j!)−1v
(j)
i−j(±0) = 〈fi−4(±1), N(±1, ε
−1S)〉,
iX
j=0
(±1)j(j!)−1v
(j+1)
i−j (±0) = 〈(S
′T 3fi−2 + f
′
i−3)(±1), N(±1, ε
−1S)〉,
(14)
iX
j=0
(±1)j(j!)−1v
(j+2)
i−j (±0) = 〈(S
′2T 2fi +Di)(±1), N(±1, ε
−1S)〉,
Fi(±0) = 〈(S
′3Tfi + Ei)(±1), N(±1, ε
−1S)〉,
(15)
where we used notation
fj ≡ 0 for j < 0;
Di = 2S
′T 3f ′i−1 + S
′′T 3fi−1 + f
′′
i−2 for i = 0, 1, . . . ;
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Fl take zero values for l = 0, 1, and
Fi(±0) =
i−2X
j=0
(±1)j(j!)−1v
(j+3)
i−j−2(±0) for i = 2, 3, . . . ;
and Ei =
„
S′2
d
dξ
+ S′
d
dξ
S′ +
d
dξ
S′2
«
T 2fj−1 +
„
S′
d2
dξ2
+
d
dξ
S′
d
dξ
+
d2
dξ2
S′
«
×
T 3fj−2 + f
′′′
j−3 for i = 0, 1, . . . .
According to conditions (10), (13), (14) for i = 0, the leading terms λ0 and v0 of
expansions (5), (6) are correspondingly an eigenvalue and eigenfunction of the problem
Lv0 − λ0p(x)v0 = 0, x ∈ (a, 0) ∪ (0, b),
v0(a) = v
′
0(a) = 0, v0(0) = v
′
0(0) = 0, v0(b) = v
′
0(b) = 0.
(16)
We restrict ourself to considering only simple eigenvalues of three-point Dirichlet prob-
lem (16). Nevertheless, there are situations when all the eigenvalues has multiplicity more
then 1 (for instance, a = −b and p is an even function). We fix a simple eigenvalue λ0
of (16) and the corresponding eigenfunction v0 such that v0(x) ≡ 0 for x ∈ (0, b) and
0Z
a
pv20 dx = 1.
Equalities (11), (13), (14) for i = 1 give
Lv1 − λ0p(x)v1 = λ1p(x)v0, x ∈ (a, 0) ∪ (0, b),
v1(a) = v
′
1(a) = 0, v1(−0) = 0, v
′
1(−0) = v
′′
0 (−0),
v1(+0) = v
′
0(+0) = 0, v1(b) = v
′
1(b) = 0.
(17)
Three-point problem (17) has solution if and only if the parameter λ1 takes value
λ1 = k0(0)v
′′
0 (−0)
2.
We fix a solution v1 of (17) such that
0Z
a
pv1v0 dx = 0. One can note that v1(x) ≡ 0 for
x ∈ (0, b).
Conditions (12), (15) for i = 0 yield that the leading term f0 of series (9) satisfies the
problem
f ′0 = A(ξ)f0, ξ ∈ (−1, 1), (18)
〈T 2f0(±1), N(±1, ε
−1S)〉 = σ±, 〈Tf0(±1), N(±1, ε
−1S)〉 = 0, (19)
with σ+ = 0, σ− = S′(−1)−2v′′0 (−0). The matrix of the linear homogeneous system of
the first-order differential equations (18) is
A =
„
A1 0
0 A2
«
, A1 =
„
η θ
−θ η
«
, A2 =
„
η − θ 0
0 η + θ
«
,
with
η = −3q′(ξ)(8q(ξ))−1, θ = 1/4
`
λ−30 k
−5
0 (0)q(ξ)
´1/4
(λ1k0(0)− λ0k
′
0(0)ξ).
On the one hand, problem (18), (19) depends on the small parameter, on another hand,
it is a boundary value problem, and hence, it is an ill-posed one. Both of the difficulties can
be solved by exploring problem (18), (19) along with similar problems, which appear below,
along discrete sequences of the small parameter εl → 0. Then ”along” these sequences
the problems have a unique solution, which is independent of εl up to the exponentially
small terms. In particular, this property is consistant with a discrete character of the
high-frequency-vibrations effect, which is under consideration.
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Proposition 1. Let w : [−1, 1] → R4 be a smooth vector-function, and σ be a vector in
R
4. There exists a small parameter sequence {εl}
∞
l=1 such that the problem
y′(ξ, ε) = A(ξ) y(ξ, ε) +w(ξ), ξ ∈ (−1, 1), (20)
〈T 2y(−1, ε), N(−1, ε−1S)〉 = σ1, 〈Ty(−1, ε), N(−1, ε
−1S)〉 = σ2,
〈T 2y(1, ε), N(1, ε−1S)〉 = σ3, 〈Ty(1, ε), N(1, ε
−1S)〉 = σ4,
(21)
has a unique solution y(·, εl) for each l = 1, 2, . . . .
The family of solutions {y(·, εl)}
∞
l=1 satisfies the estimate
‖y(·, εl)− y∗‖C1 ≤ Ce
−ε−1p M
with y∗ being a smooth vector function on [−1, 1], and with positive constants C and M
that are independent of ε.
P r o o f. System (20) has a fundamental matrix
Φ = q−3/8
„
Φ1 0
0 Φ2
«
,Φ1 =
„
cosα sinα
− sinα cosα
«
,
Φ2 =
„
eα(−1)−α 0
0 eα−α(1)
«
with a function
α(ξ) =
1
4
(λ−30 k
−5
0 (0))
1/4
ξZ
−1
q1/4(t)(λ1k0(0)− λ0k
′
0(0)t)dt.
Then the general solution of (20) can be written as
y(ξ) = Φ(ξ)(β + h(ξ)),
where β is a constant vector, and
h(ξ) =
Z ξ
−1
Φ−1(t)w(t)dt.
Let further
y(ξ, ε) = Φ(ξ)(βε + h(ξ))
be a solution of boundary value problem (20), (21). It is easy to check that
Φt(ξ)N(ξ, ε−1S) = q−3/8(ξ)N(ξ, γε), where γε(ξ) = ε
−1S(ξ) + α(ξ),
and Φt is transposed to Φ. Therefore we get
〈y(ξ, ε),N(ξ, ε−1S)〉 = q−3/8(ξ)〈βε + h(ξ), N(ξ, γε)〉,
that allows to rewrite boundary conditions (21) to the form
〈βε, T
2N(−1, γε)〉 = m
−σ1,
〈βε, T
3N(−1, γε)〉 = m
−σ2,
〈βε, T
2N(1, γε)〉 = m
+σ3 − 〈h(1), T
2N(1, γε))〉,
〈βε, T
3N(1, γε)〉 = m
+σ4 − 〈h(1), T
3N(1, γε))〉,
(22)
where m± = q3/8(±1). Here we have used the equalities TΦt = ΦtT and h(−1) = 0.
Therefore, the vector βε has to be a solution to a linear algebraic system with matrix
G(γε(1)) =
0
BB@
−1 0 1 e−γε(1)
0 −1 −1 e−γε(1)
− cos γε(1) − sin γε(1) e
−γε(1) 1
sin γε(1) − cos γε(1) −e
−γε(1) 1
1
CCA .
Note that the determinant
detG(γε(1)) = −2 cos γε(1) + 2e
−γε(1)`2− e−γε(1) cos γε(1)´
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becomes zero on an infinitely small sequence ε (but not for any ε > 0 since γε(1)→∞ as
ε→ 0).
We fix a number δ from the interval [0, 2pi) such that δ is different from pi/2 and 3pi/2.
We construct the sequence εl using the set of conditions γεl(1) = δ+2pil for l = 1, 2, . . . .
In other words,
εl(δ) =
S(1)
δ + 2pil − α(1)
(23)
for all l ≥ l0, where l0 is the smallest natural number such that the denominator of
fraction (23) is positive. We use notation γl = γεl . Using γl →∞ as εl → 0, we can treat
the matrix G(γl) as an exponentially small perturbation of matrix
Gδ =
0
BB@
−1 0 1 0
0 −1 −1 0
− cos δ − sin δ 0 1
sin δ − cos δ 0 1
1
CCA .
In the same manner N(1, γl) =
“
cos δ, sin δ, e−γl(1), 1
”
, then the right hand side of sys-
tem (22) also is an exponentially small perturbation of the vector
g = (m−σ1, m
−σ2, m
+σ3 − 〈h(1), T
2N1〉, m
+σ4 − 〈h(1), T
3N1〉),
where N1 differs from N(1, γl) only by the third coordinate being zero.
For the chosen value δ the matrix Gδ is a non-degenerate one. Then according to the
results of perturbation theory in a finite dimensional space, we have
‖βεl − β∗‖R4 ≤ Ce
−γl(1),
where β∗ is a solution to the system Gδβ = g. Let y∗(ξ) = Φ(ξ)(β∗ + h(ξ)), then
‖y(·, εl)− y∗‖C1 ≤ ‖Φ‖C1‖βεl − β∗‖R4 ,
with ‖Φ‖C1 = max
ξ∈[−1,1]
(‖Φ(ξ)‖ + ‖Φ′(ξ)‖). To finish the proof, it remains to note that
γε(1) ≥Mε
−1 with a certain positive constant M . 
Remark. The function y∗ is referred to as the principal solution of problem (20), (21)
since constructing asymptotic expansions in power scale of ε we can neglect exponentially
small terms. Nevertheless, the choice of the sequence εl, and then the choice of the
solution y∗, is not unique since it depends on δ. As we mentioned at the beginning,
the latter is connected to the fact that the discrete approximation of global vibrations
allows deformation, hence the approximation is not unique. A presence of the deformation
parameter δ in asymptotics corresponds to the problem content.
We come back to exploring problem (18), (19), which is problem (20), (21) with the
right-hand side w = 0 and σ = (S′(−1)−2v′′0 (−0), 0, 0, 0). The system is homogeneous,
and then f0(ξ) = Φ(ξ)β0, where
β0 = 1/2 q
3/8(−1)S′(−1)−2v′′0 (−0) (tg δ − 1,− tg δ − 1, tg δ + 1,−1/ cos δ)
is a solution of the corresponding linear system with matrix Gδ.
Hence, we have found the terms λ0, v0, λ1, v1, f0 of expansions (5), (6), (9). We
recall that f0 depends on value δ. The construction of complete asymptotic expansions
for solutions to problem (1) – (4) is conducted on the sequence Eδ = {εl(δ)}
∞
l0
that is
chosen accordingly to (23).
3. Complete asymptotics of global vibrations. Let find coefficients λi, vi, fi−1
of asymptotic expansions (5), (6), (9) for i ≥ 2. Using conditions (11), (13), (14) we
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construct a boundary value problem for the general term vi in the form
Lvi − λ0p(x)vi = p(x)
iX
j=1
λjvi−j , x ∈ (a, 0) ∪ (0, b),
vi(a) = v
′
i(a) = 0, v1(b) = v
′
1(b) = 0,
vi(±0) = Vi(±0), v
′
i(±0) =Wi(±0).
(24)
The right-hand sides of the boundary conditions in problem (24) with the precision up to
exponentially small terms are
Vi(±0) = 〈q
−3/8Φ−1fi−4(±1), N±1〉 −
i−1X
j=0
(±1)j(j!)−1v
(j)
i−j(±0),
and
Wi(±0) = 〈q
−3/8Φ−1(S′T 3fi−2 + f
′
i−3)(±1), N±1〉 −
i−1X
j=0
(±1)j(j!)−1v
(j+1)
i−j (±0),
where N−1 = (1, 0, 1, 0), and the vector N1 was introduces during the proof of Proposition
1. Since λ0 is an eigenvalue of problem (16), boundary value problem (24) could have no
solution. The necessary and sufficient condition for existence of the solution is equality
λi = (k0v
′′
0Wi − (k0v
′′
0 )
′Vi)(−0). We fix the solution vi to problem (24) such that
0Z
a
viv0 = 0.
Then we find fi−1 from the problem
f ′i = A(ξ)fi + 1/4 k
−1
0 (0)S
′−3T 3χi+1, ξ ∈ (−1, 1),
〈T 2fi(±1), N(±1, ε
−1S)〉 = −〈(q−3/8S′−2Φ−1Di)(±1), N±1〉+
S′(±1)−2
iX
j=0
(±1)j(j!)−1vj+2i−j (±0),
〈Tfi(±1), N(±1, ε
−1S)〉 =
S′(±1)−3
“
Fi(±0)− 〈(q
−3/8Φ−1Ei)(±1), N±1〉
”
.
(25)
According to Proposition 1, the right-hand side of the system is a smooth function. Then
for the sequence of small parameter Eδ there is a solution to problem (25).
Hence the algorithm of constructing coefficients of expansions (5), (6), (9) and a se-
quence of small parameter is
λ0 → v0 → λ1 → v1 → Eδ → f0 → · · · → λi → vi → fi−1 . . . .
We recall that all the coefficients, except λ0, v0 and λ1, v1, depend on the value of
parameter δ. In other words, to each δ ∈ [0, 2pi), δ 6= pi/2, 3pi/2 we assign the corresponding
asymptotic series that approximate the same form of global vibrations v0.
4. Justification of asymptotics. The idea of justification is, using asymptotic
series (5), to choose exactly the eigenfunction sequence of problem (1) – (4) such that the
sequence models global vibrations and is approximated by series (6), (9).
We fix numbers n ∈ N and δ ∈ [0, 2pi) different from pi/2 and 3pi/2. We introduce
a number sequence {λ
{n}
ε }ε ∈ Eδ and a sequence of functions {u
{n}
ε }ε ∈ Eδ . Namely, for
each element ε of the discrete set Eδ we assume
λ{n}ε = λ0 + ελ1 + . . . ε
nλn,
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u
{n}
ε (x) =
8><
>:
v0(x) + εv1(x) + · · ·+ ε
nvn(x), x ∈ (a,−ε) ∪ (ε, b),
ε4
n+2X
i=0
εi〈fi(ε
−1x),N(ε−1x, ε−1S)〉, x ∈ (−ε, ε),
where the values λi, functions vi, vectors fi and the set Eδ are constructed in Sections 2
and 3.
Proposition 2. There exists an eigenvalue sequence {λε}ε ∈ Eδ such that
|λ{n}ε − λ
ε| ≤ Cnε
n+1, ε ∈ Eδ.
P r o o f. Denote by ρε the density of the original problem, which equals ε
−8q(x/ε)
on the interval (−ε, ε), and is p(x) outside the interval. Problem (1) – (4) considered in
the weight space L2(ρε, (a, b)) is equivalent to the problem for the self-adjoint operator
Lε = ρ
−1
ε L:
Lεuε − λεuε = 0.
The domain of the operator Lε is
D(Lε) = {ϕ ∈ H
4(a, b) : ϕ(a) = ϕ′(a) = 0, ϕ(b) = ϕ′(b) = 0}.
The spectrum of the operator Lε is discrete [1].
The function u
{n}
ε is not an element of the space D(Lε) since it has discontinuities
at the points x = ±ε. Nevertheless, we state existence of the function ϕ
{n}
ε such that
u
{n}
ε + ϕ
{n}
ε ∈ D(Lε), moreover ϕ
{n}
ε is equal to zero on the interval (−ε, ε), and
max
x∈(a,b)
4X
i=0
˛˛˛
˛ d
i
dxi
ϕ{n}ε
˛˛˛
˛ ≤ Cnεn+1. (26)
We introduce function
V {n}ε = κε(u
{n}
ε + ϕ
{n}
ε ),
where the factor κε is chosen accordingly to
‖V {n}ε ‖L2(ρε,(a,b)) = 1.
We remark that the value κε is separated from zero by a positive constant that does not
depend on ε.
Taking into account (26), we can show that‚‚‚LεV {n}ε − λ{n}ε V {n}ε
‚‚‚
L2(ρε, (a, b))
≤ Knε
n+1, ε ∈ Eδ,
where the constant Kn is independent of ε. Therefore there exists an eigenvalue λ
ε of the
operator Lε such that ˛˛˛
λε − λ{n}ε
˛˛˛
≤ Knε
n+1. 
Using asymptotics of each eigenvalue λεn we can prove that in a certain dε
4-vicinity of
points λε, which were chosen accordingly to Proposal 2, we don’t have other eigenvalues of
the initial problem. As consequence, for n ≥ 5 we have only one eigenvalue λε that satisfies
Proposition 2. We choose the sequence of exactly these {λε}ε ∈ Eδ and the corresponding
normalized eigenfunctions {uε}ε ∈ Eδ . Then
‖uε − κεv
{n}
ε ‖L2(ρε, (a, b))
≤ Knd
−1εn−3, ‖uε‖L2(ρε, (a, b))
= 1.
This inequality complete the proof of
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Theorem. On the sequence Eδ the chosen functions uε satisfy the estimates‚‚‚‚‚uε(x)− κε
nX
k=0
εkvk(x)
‚‚‚‚‚
L2(Ωε)
≤ Cnε
n+1,
where region Ωε states for (a,−ε) or (ε, b), and the estimate‚‚‚‚‚uε(εξ)− ε4κε
nX
k=0
εk〈fk(ξ), N(ξ, ε
−1S)〉
‚‚‚‚‚
L2(−1, 1)
≤ Cnε
n+1
for n = 0, 1, . . . . The coefficients vk, fk are the same as at the beginning of Section 4.
The normalizing multiplier κε tends to 1 as ε→ 0.
References
[1] Golovaty Yu. Spectral properties of oscillatory systems with added masses. (Russian)
Trudy Moskov. Mat. Obshch. 54 (1992), p. 29–72; English transl. in Trans. Moscow
Math. Soc. 1993, p. 23–59
[2] Golovaty Yu.D., Nazarov S.A., Oleinik O.A. Asymptotic expansions of eigenvalues
and eigenfunctions of media with concentrated perturbations. (Russian) Trudy Mat.
Inst. Steklov. 192 (1990), p. 42-60. English transl. in Proc. of Steklov Math. Inst.
1992, no. 3, p. 43–63. Differential equations and function spaces.
[3] Oleinik O.A. The eigenoscillations of bodies with concentrated mass. (Russian) Cur-
rent problems in applied mathematics and in mathematical physics, p. 101–128,
”Nauka”, Moscow, 1988.
[4] Fedoryuk M.V. Asymptotic methods for linear ordinary differential equations (Rus-
sian) Mathematical Reference Library. “Nauka”, Moscow, 1983. 352 pp.
[5] Oleinik O. A. Homogenization problems in elasticity. Spectrum of singularily per-
turbed operators // Non-classical continuum mechanics. 1987. Lecture Notes series,
122. Cambridge University Press. P. 188-205.
[6] Sanchez-Palencia E. Perturbation of eigenvalues in thermoelasticity and vibration of
systems with concentrated masses // Trends and Applications of Pure Mathematics
to Mechanics. Berlin: Springer-Verlag, 1984. P. 346-368.
[7] Sanchez-Hubert J., Sanchez-Palencia E. Vibration and Coupling of Continuous Sys-
tems. Asymptotic Methods. Springer-Verlag, 1989. – 421 p.
Lviv National University 09.12.98
